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We consider the propagation of waves in a flexural
medium composed of massless beams joining a
periodic array of elements, elastically supported
and possessing mass and rotational inertia. The
dispersion properties of the system are determined
and the influence and interplay between the dynamic
parameters on the structure of the pass and stop bands
are analysed in detail. We highlight the existence of
three special dynamic regimes corresponding to a
low stiffness in the supports and/or low rotational
inertia of the masses; to a high stiffness and/or high
rotational inertia regime; and to a transition one
where dispersion degeneracies are encountered. In the
low-frequency regime, a rigorous asymptotic analysis
shows that the structure approximates a continuous
Rayleigh beam on an elastic foundation.
This article is part of the theme issue ‘Modelling
of dynamic phenomena and localization in structured
media (part 1)’.
1. Introduction
Microstructure is a powerful concept that is currently
driving the design of mechanical metamaterials capable
of controlling vibrations and enabling various dynamic
effects, having analogues in electromagnetism and optics,
for a wide variety of applications. Many of these effects
have been shown to be achievable in periodic systems
formed from arrays of masses connected by elastic
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rods. Here, we consider an elastically supported one-dimensional discrete flexural system, where
the contribution of the rotational inertia at the nodal points is taken into account. In particular,
we show that the support stiffness and rotational inertia can combine to create special dynamic
phenomena. Euler–Bernoulli (EB) structures have been analysed in great detail in [1], including
effects of pre-stress and damage in [2,3].
Recently, there has been an effort to design microstructured flexural materials that use Rayleigh
beams, i.e. beam elements with rotational inertia [4]. In flexural systems, this physical property is
significant in obtaining effects including negative refraction, dynamic anisotropy and neutrality
brought by dispersive degeneracies, as shown in [5] for two-dimensional networks of Rayleigh
beams. Methods for creating focusing and localization by using Rayleigh beam-made waveguides
in square-cell lattices have been demonstrated in [6], while transmission problems for a hexagonal
Rayleigh beam-lattice interface have been studied in [7]. Furthermore, flexural systems allow for
the modelling of mechanical phenomena not usually encountered in spring systems adding a
greater flexibility in designing methods for achieving special dispersive properties. In this sense,
we mention the in-plane lattice problem considered in [8], where the use of prestressed Rayleigh
beams and concentrated pulsating moments were used to achieve topological modes and the
design of an efficient flat lens, and [9] where a recipe for tuning the mechanical properties of
a flexural lattice to obtain dynamic anisotropy and ‘isotropization’ is described. The Lagrangian
approach to modelling the dynamic response of structured flexural chiral materials has been used
in [10], where the influence of resonators on the lattice acoustic behaviour was studied and in [11],
where vibration of lattices with distributed masses with rotational inertia was also investigated
with micro-polar continuum approximations of the lattice. Asymptotic approximations have been
employed in [12] to determine the dispersive nature of chiral auxetic beam lattices containing
resonators.
Flexural structures have a great range of applicability. In addition to representing the
microstructure of flexural medium, they also possess applications in the design of large scale
structures found in structural engineering such as bridges and buildings [13,14]. Additionally,
waves in discrete systems may initiate, support or enhance failure modes [15]. The bending modes
of two-dimensional flexural systems with stationary cracks have been considered in [16]. The
response of a three-dimensional flexural structure with a static crack subjected to mode III loading
is investigated in [17]. A class of mass-beam systems undergoing phase transition in response to
gravitational or thermal loads have been recently studied in [18–20]. Analytical and numerical
studies of mass-beam systems undergoing collapse sustained by vibrational loads have appeared
in [21,22]. The analysis of quasi-static damage propagation in two-dimensional beam lattices has
been carried out in [23,24].
Here, we consider a particular one-dimensional discrete flexural system, formed from massless
beams connecting periodically placed masses as in figure 1. We show this structure possesses
several special dynamic features with various technological applications, arising from the
combination of the rotational inertia introduced at the junctions and the properties of the
transverse supports. Moreover, the rotational inertia brings high-frequency passbands implying
that additional failure modes supported by high-frequency loads may be sustained by this
medium.
In §2, the structure and the equations governing its motion are presented. In §3, we consider
the low-frequency limit of the medium and we show this system represents a Rayleigh beam
supported by a Winkler foundation. Through a parametric analysis, we completely characterize
the dispersive nature of the medium and show that the interplay of the support stiffness and
rotational inertia can lead to special dynamic features (see §4). Finally, in §5, we give some
conclusions.
2. Modelling a supported mass-beam chain
We consider the dynamic problem of the infinite heterogeneous structured medium shown in
figure 1, which is composed of nodal masses and flexural elastic connections. The nodal points, at
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Figure 1. (a) The structured medium composed of inertial nodes connected by massless elastic beams along the
x-direction. Each mass is supported by transverse beams in the y-direction. (b) On the left panel, we report the notation
and the sign convention for the transverse displacements Um−1 and Um in the longitudinal connections and for the
transverse displacements U(+)m and U
(−)
m in the lateral ones. On the right panel, we show the sign convention for positive
directions of displacements um, rotations θ
y
m, bending momentsMym−1,Mym andMx,±m , and shear forces V xm−1, V xm
andV y,±m . The local coordinates x˜ and y˜± are defined in the electronic supplementary material.
x= lm (m= 0, ±1, ±2, . . .), have mass M and rotational inertia Iy about the y-axis. The masses are
connected by longitudinal massless beams directed along the x-axis and having flexural stiffness
D. In addition, they are elastically constrained by lateral massless beams, aligned with the y-axis,
having flexural stiffness Dˆ. The influence of gravity is neglected in what follows.
(a) Governing equations
The m-th mass has two degrees of freedom, the transverse displacement um along the z-axis and
the rotation θym about the y-axis (figure 1). By Um(x, t), we indicate the transverse displacement
of the massless beam aligned with the x-direction that connects the masses positioned at x= lm
and x= l(m+ 1).1 The functions U(+)m (y, t) and U(−)m (y, t) are used to represent the transverse
displacements in the lateral beams aligned with the y-axis.2
1Um(x, t) should be defined in the interval lm+ d/2 ≤ x≤ l(m + 1) − d/2, where d is the typical size of the mass. Since d/l 1
we neglect the dimension d in the computations.
2As for Um(x, t), we define U
(+)
m (y, t) and U
(−)
m (y, t) in the intervals 0 ≤ y≤ L and −L≤ y≤ 0, respectively, neglecting the
dimension d in the computations.
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The dynamic behaviour of the microstructured medium is governed by the momentum
balances of the m-th mass inside the structure. The linear momentum balance has the form
Mu¨m(t) = Vxm(0, t) − Vxm−1(l, t) + V
y,+
m (0, t) − Vy,−m (L, t) + Pm, (2.1)
where the dot denotes the derivative with respect to time, Pm is an external transverse force and
Vxm and V
y,±
m are the shear forces transmitted by the elastic ligaments; they are shown in figure 1b
and detailed in the electronic supplementary material. The balance of angular momentum about
the y-axis is
Iyθ¨
y
m(t) =Mym(0, t) −Mym−1(l, t) +Mm, (2.2)
whereMm is an external bending moment andMym are the bending moments transmitted by the
longitudinal ligaments, as shown in figure 1b.
We assume that the masses do not rotate about the x-axis as the structure vibrates. In this
case, neglecting the torsional contribution of the longitudinal elements, the angular momentum
balance about the x-axis reduces to the trivial identity
Mx,+m (0, t) =Mx,−m (L, t), (2.3)
where Mx,±m are the bending moments transmitted by the lateral ligaments (figure 1b).3 The
uncoupled problems concerning longitudinal and transverse vibrations along the x-axis and
y-axis are not considered.
The above equations can be expressed in terms of the generalized coordinates governing the
motions of the masses in the structure. As shown in the electronic supplementary material, (2.1)
and (2.2) are written in terms of kinematic variables as follows
Mu¨m(t) = −6Dl3 {2[2um(t)−um+1(t)−um−1(t)] − l[θ
y
m+1(t)−θ
y
m−1(t)]}−
24
L3
Dˆum(t)+Pm
and Iyθ¨
y
m(t) = −
2D
l2
[
3(um+1(t) − um−1(t)) + l(θym+1(t) + θ
y
m−1(t) + 4θ
y
m(t))
]
+Mm.
⎫⎪⎪⎬
⎪⎪⎭
(2.4)
From here on we neglect the external actions Pm andMm, m ∈Z.
3. Rayleigh beam on an elastic foundation
In the long-wavelength limit, the structure in figure 1 approximates the Rayleigh beam on
an elastic foundation. As shown in the electronic supplementary material, within the low-
frequency regime, the equations (2.4) governing the motion of the structure approximate the
equation
μeff
∂2u(x, t)
∂t2
+ Deff
∂4u(x, t)
∂x4
− Jeff
∂4u(x, t)
∂t2∂x2
+ effu(x, t) = 0, (3.1)
representing a Rayleigh beam resting on an elastic foundation (see, for example, [4]). Here, the
effective quantities associated with a continuous beam are the density per unit length μeff =M/l,
the flexural stiffness Deff =D, the rotational inertia of the cross-section Jeff = Iy/l and the stiffness
of the elastic foundation eff = 24Dˆ/(L3l).
3For slender ligaments, the torsional stiffness is negligible with respect to the flexural one. The torsional contribution of the
lateral ligaments implies an increase of the coefficient of θym on the right-hand side of the angular momentum balance equation
in (2.4). The uncoupled torsional problem associated with rotations about the x-axis is not analysed here.
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Figure 2. Dispersion curves for a Rayleigh beam on an elastic foundation based on the normalized dispersion equation (3.4).
Each curve is associated with a different value of α¯ in (3.3). The grey curve (α¯ = 0) corresponds to the classical elastically
supported Euler–Bernoulli beam.
(a) Dispersion properties
Considering time-harmonic motions in connection with the Rayleigh beam governing equation
(3.1) leads to the dispersion relation
ω(k) =
√
Deffk4 + eff
μeff + Jeffk2
, (3.2)
(see [4, Section 3.4] and [25]). Introducing
ω¯ = ω
√
μeff
eff
, k¯= k
(
Deff
eff
)1/4
and α¯ =
√√√√ J 2effeff
μ2effDeff
, (3.3)
we obtain the normalized dispersion relation
ω¯(k¯) =
√
k¯4 + 1
1 + α¯k¯2 . (3.4)
This function is shown in figure 2. All curves have at the cut-off frequency at the minimum
located at
(k¯∗, ω¯(k¯∗)) =
√√
α¯2 + 1 − 1
α¯
(
1,
√
2
α¯
)
. (3.5)
Interestingly, the group velocity is negative in the interval 0 < k¯< k¯∗ and bounded above by
α¯−1/2, for large k¯. If α¯ = 0, then the dispersion curve reduces to that for the classical case of an EB
beam on an elastic foundation and the corresponding dispersion curve is the grey line in figure 2.
Below, we consider waves propagating in the multi-structure of §2. We will show the
analogies between the continuous and discrete media considered here and the additional features
introduced by the microstructure, including degeneracies where Dirac points can occur.
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4. Wave propagation in the multi-structure
We return now to the elastically supported flexural multi-structure considered in §2 (figure 1). The
displacements and rotations at the nodal points satisfy the governing equations (2.4). We search
for nodal displacements and rotations in the form
um(t) =Uei(ωt−klm) and θym = Θyei(ωt−klm),
where ω is the frequency of vibration and k the wavenumber. The following normalization is
adopted:
ω˜ =
√
Ml3
D
ω, u˜m = uml , I˜=
Iy
Ml2
and k˜= kl.
In going forward, the tilde will be omitted for ease of notation unless otherwise stated. Then, in
the absence of external loads, balances (2.4) lead to
− ω2U= −6{4[1 − cos(k)]U + 2i sin(k)Θy} − 24rU (4.1)
and
− Iω2Θy = −2 [−6i sin(k)U + 2Θy(2 + cos(k))] , (4.2)
with the following definition of the normalized stiffness of the supports:
r= l
3
L3
Dˆ
D
.
We then have
Θy = 12i sin(k)U
IF(k, iω) , where F(k, s) = (ω0(k))
2 + s2, ω0(k) =
√
4(2 + cos(k))
I
(4.3)
that is combined with (4.1) to obtain
ζ (k, iω)U= 0, (4.4)
where
ζ (k, s) = s4 + 2a(k)s2 + b(k),
a(k) = 2
I
[
2 + cos(k) + 6I
{
r+ 2 sin2
(
k
2
)}]
, b(k) = 96
I
[
2 sin4
(
k
2
)
+ r(2 + cos(k))
]
. (4.5)
(a) Dispersion properties of a supported mass-beam chain
Free waves inside the structure are determined from the non-trivial solutions of the homogeneous
equation (4.4). Such solutions correspond to zeros of the function ζ in (4.4), which is satisfied when
the radian frequency is
ω(±) =
[
a(k) ±
√
(a(k))2 − b(k)
]1/2
. (4.6)
Note that the expression under the radical of (ω(±))2 is non-negative for any real k. We also have
the inequality
0 < ω(−)(k) ≤ ω0(k) ≤ ω(+)(k), (4.7)
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Figure 3. Dispersion curvesω(−) (see (4.6)) for themulti-structure (δ > 0) and the effective Rayleigh beam (δ → 0). Results
are given for α¯ = 3 and δ = 0.05, 0.1, 0.2 (see (4.8) and (4.9)).
where ω0(k) is defined in (4.3). A comparison between ω(−) defined in equation (4.6) and the
dispersion curve for the Rayleigh beam based on (3.4) is reported in figure 3. In the comparison,
we used the conversions
k= k¯δ, ω¯ = ω
(−)
δ2
, r= 1
24
δ4 and I= α¯
δ2
,
where the dimensionless frequency ω¯ and wavenumber k¯ for the Rayleigh beam and α¯ were
introduced in equation (3.3). The dimensionless parameter
δ = l
(
eff
Deff
)1/4
(4.8)
is the ratio between the length scale in the multi-structure to the typical length scale of the
continuum approximation. Moreover, we have also assumed the following choices for the
micro-structural parameters
Dˆ= Dˆ0δ, Iy = I0δ and M=M0δ.
Therefore, according to § 3, we have
eff =
(
24Dˆ0
L3D1/4
)4/3
and α¯ = I0
M0L2
(
24Dˆ0
D
)2/3
. (4.9)
We note in figure 3, in taking δ → 0 (the long-wavelength regime), ω(−) converges to the dispersion
curve for the continuous Rayleigh beam (3.4), as expected on physical grounds. On the other
hand, ω(+) diverges.
Polarization of the eigenmodes is briefly discussed in part (c) of the electronic supplementary
material.
(i) Parametric study of dispersion properties
Here, the influence of the normalized moment of inertia I and the normalized stiffness of the
supports r on the dispersive properties of the discrete medium is discussed in detail. The
structure admits two dispersion curves, in contrast with the microstructured EB type model [18],
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Figure 4. Band distributions as a function of the stiffness r of the supporting beams in themulti-structure for (a) I = 0.05, (b)
I = 0.1, (c) I = 0.2 and (d) I = 0.3. The blue and pink regions correspond to the acoustic and optical passbands, respectively.
Dashed lines indicate the bounds of the band of the corresponding elastically supported EB structure (I = 0, r = 0), dot-dashed
lines indicate the bounds of the band for an unsupported structure with rotational inertia (r = 0, I = 0). The points A.1 to A.3
and B.1 to B.4 are defined in table 1. (Online version in colour.)
corresponding to the limit I→ 0, and to the continuous EB and Rayleigh beam models, where
only a single dispersion curve exists. The extra band reflects the presence of the rotational inertia
I at the junctions, leading to the system being capable of supporting additional vibrations and
failure modes (see [15]). The second band reflects the interaction of the waves with the internal
microstructure at the meso-scale. Namely, it can be identified with Bragg scattering. As shown in
the previous section, the second band is absent in the continuum limit, since ω(+) diverges when
k→ 0.
For the band distribution of the structure, we distinguish three different classes of regimes in
the parametric space defined by I and r. These regimes are
— low stiffness r in the supports (LS) and/or low rotational inertia I of the masses (LI);
— high stiffness (HS) and/or high rotational inertia (HI);
— a transition one.
In figure 4, we show the band distribution as a function of r, for different values of I, while in
figure 5 the band distribution is shown as a function of I for different values of r. The values of
the critical points A.1 to A.3 and B.1 to B.4 in the (r, I) parametric space are reported in table 1.
In the lower (LI, LS) and higher (HS, HI) regimes, the two passbands depend on a single
parameter, either r or I. One band matches the band of an elastically supported EB structure
without rotational inertia, whose bounds are indicated with dashed lines in figures 4 and 5,
whereas the other matches the band of the unsupported structure with rotational inertia, whose
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Figure 5. Band distributions as a function of the moment of inertia I of the nodal points in the multi-structure for (a), (b)
r = 0.2 ((b) contains a magnification of (a)), (c) r = 1 and (d) r = 5. The blue and pink regions correspond to the acoustical
and optical passbands, respectively. Dashed lines indicate the bounds of the band of the corresponding elastically supported EB
structure (I = 0, r = 0), dot-dashed lines indicate the bounds of the band for an unsupported structure with rotational inertia
(r = 0, I = 0). The points A.1 to A.3 and B.1 to B.4 indicated in each figure are given in table 1. (Online version in colour.)
Table 1. Critical points in the band diagrams in figures 4 and 5 in terms of I and r.
point A.1 A.2 A.3 B.1 B.2 B.3 B.4
r 16I − 2 16I 16I + 1 12I − 3 12I − 2 12I 23I − 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
I 16(r + 2)
1
6r
1
6(r − 1)
1
2(r + 3)
1
2(r + 2)
1
2r
2
3(r + 2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
bounds are indicated with dot-dashed lines. In the LI and LS regimes, the acoustical band is
governed by r and the optical band by I. On the other hand, in the HI and HS regimes, the
dependency is the contrary and the high rotational inertia induces a low-frequency acoustic
band of finite width. Such a configuration suggests possible applications to the construction
of metamaterials with arrays of resonators, which are usually limited in their technological
application as they possess narrow bands [1,26–29].
Clearly, for r> 0, there is a zero frequency stop band with the cut-off frequency min ω(−)(k). In
the next subsection, we will detail the position of this minimum in the reciprocal space. The LI
and LS regimes exist for r> 0, I> 0 and are bounded above by the point A.1 (table 1), provided
I< 1/12 (figure 4a), otherwise these regimes are not present (figures 4b–d). The HS and HI regimes
are bounded below by the maximum of the points B.3 and A.3 with respect to I and r. Different
cases are shown in figures 4 and 5 based on the data in table 1. The maximum is B.3 if I< 1/3
and A.3 otherwise and B.3 if r> 3/2 and A.3 otherwise. Note that, depending on the values of
the non-negative parameters r and I, the lower and upper band can strictly coincide with the EB
(I= 0) or unsupported (r= 0) cases. In the two intervals bounded by the points B.1 and B.4 and
10
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above by the point A.3 there are small differences; such cases are associated with the emergence
of an additional stationary point within the first Brillouin zone.
The intermediate regime, located between A.1 and the maximum between A.3 and B.3, admits
the scenario where the two bands interact to reduce the width of or remove the central stop band.
In this regime, the pass bands can also merge to form a single pass band in correspondence of the
Dirac points A.1 and B.3 (see [30–33]).
Within this regime, the finite width of the central band gap is modulated by r and I. The
maximum width is achieved when r≥ 1 and I≥ 1/6. It is equal to the width of the EB passband
for r≥ 1 (figure 5c,d), and to the width of the unsupported structure for I≥ 1/6 (figure 4c,d). It is
noted that B.2 is not defined if I≥ 1/4.
In order to maximize the filtering properties of the system, we can minimize the width of the
passbands, as shown in the vicinity of A.2 and B.2 in figures 4 and 5. The filtering properties
of the structure are maximized when these points coincide for (r, I) = (1, 1/6). In this case, the
total width of the frequency intervals supporting waves inside the structure reaches a minimum,
limiting possibilities for wave propagation into the medium.
We consider now the case where the masses of the nodes are small with respect to the inertia
Iy. This configuration is difficult to obtain: for example, in the case of cubic nodes with dimension
d, (Ml2)/Iy 	 10 ∗ (l/d)2 
 1. Then, with the adoption of a different normalization, it can be shown
that, when (Ml2)/Iy → 0, the band corresponding to elastically supported EB structures diverges
to infinity and a single dispersion curve remains. This result is consistent with the behaviour,
when k→ 0, of the dispersion relation (3.2) for the long-wavelength limit.
In classical EB structures, two passbands can be obtained by introducing two types of masses,
but in such a case, the interaction between the passbands in the transition regime is not present.
The transition regime obtained here incorporates finite stop bands governed by the limiting cases
I→ 0 and r= 0 and the appearance of Dirac points. Moreover, the proposed microstructure may
exhibit additional stationary points along the dispersion curves inside the first Brillouin zone and
not only at the boundaries of the zone. The presence of these additional stationary points may
lead to the initiation and support of several distinct classes of failure regimes in the medium [15].
(ii) Special properties of the dispersion curves
Stationary points of dispersion curves. The solutions ω(±) in equation (4.6) can have stationary points
in the interior of the Brillouin zone. We define the wavenumbers k± by
k± = 2 arctan
[
X − 8(6 I + 1)(3 I(r+ 1) − 1) ± 6|6I − 1|√Y
X ∓ 6|6I − 1|√Y
]1/2
, (4.10)
where
X= 2[6Ir(6I + 1) + 6I(12I − 5) − 1] and Y= 12I2r(r+ 2) − 8Ir+ 1.
Domains in the (r, I) space, where the stationary points exist, are indicated by I–IV in figure 6.
For I> 0, 0 < r< (1 + 6I)/(6I) the function ω(−) has a global minimum at the wavenumber
k=
{
k− if I≤ 16 ,
k+ if I> 16 ,
(4.11)
that is located inside the irreducible Brillouin zone. With regard to figures 4 and 5, this global
minimum occurs in the interval defined between the point (r, I) = (0, 0) and the point A.3. Note
that in figure 5 this point exists if r> 1.
The global maximum for the function ω(+) is in the interior of the Brillouin zone if I≤ 1/3 and
(1 − 6I)/(2I) < r< 2(1 − 3I)/(3I). These stationary points appear between the points B.1 and B.4
indicated in figures 4 and 5. The wavenumber corresponding to this point is
k=
{
k+ if I≤ 16
k− if I> 16
. (4.12)
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Figure 7. Dispersion curves in the first Brillouin zone. Each diagram is a representative of the dispersion curves in regions
(specified in figure 6) I to VI in (a) to (f ), respectively. Thewavenumbers k±, given in (4.11), (4.12) are also shown and correspond
to the stationary points indicated by circles.
In regions I, II and IV, there is only one interior stationary point belonging to either ω(−)
or ω(+). In regions I and IV, the coordinates of the global minimum are (k−, ω(−)(k−)) and
(k+, ω(−)(k+)), respectively, whereas in region II the global maximum is at (k+, ω(+)(k+)). Examples
corresponding to these cases are shown in figures 7a,d and b, respectively.
In region III, starting at P1 = (1/12, 3) in figure 6, both global maximum and minimum are in
the interior of the first Brillouin zone, as reported in figure 7c. Inside this region, for 1/12 < I≤ 1/6
the coordinates of the stationary points are (k−, ω(−)(k−)) and (k+, ω(+)(k+)), while for I> 1/6 the
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Figure 8. Dispersion curves based on (4.6) showing the effect of perturbation of the rotational inertia from I = I1 in equation
(4.13). Computations are performed for r = 1/5.
coordinates of these points are (k+, ω(−)(k+)) and (k−, ω(+)(k−)) and the wavenumbers k± have
been interchanged. Moreover, if 1/12 < I≤ 1/6, and r is increased inside region III, the stationary
points k± for ω(±) move from 0 to π inside the Brillouin zone. In particular, I= 1/6 represents a
critical value where this interchange of k+ and k− occurs and the wavenumbers of the stationary
points coincide.
The regions V and VI in figure 6 correspond to the case where k± in (4.11) and (4.12) are not real
and the dispersion curves retain the classical stationary points at the boundary of the Brillouin
zones (figures 7e,f ). Curves c1, c2 and c3 are associated with the points A.3, B.1 and B.4 in table 1.
The point P1 = (1/12, 3) is the intersection between c1 and c2 and the point P2 = (1/6, 2) is the
intersection between c1 and c3. In moving from either I= 0 or r= 0 to the curve c1 the global
minimum in ω(−) shifts from k= 0 to k= π . In moving from c2 to c3 the global maximum of ω(+)
moves from k= 0 to k= π . In particular, above the curve c1 in the (r, I) space, ω(−) has a global
minimum at k= π and a global maximum at k= 0. Below c2 (above c3), ω(+) has a global maximum
(minimum) at k= 0 and global minimum (maximum) at k= π .
In addition, the curves 1 and 2 shown in figure 6 define r and I values where Dirac points occur
at the boundary of the irreducible Brillouin zone.
(iii) Degeneracies at the edges of the Brillouin zone: Dirac points
Within the transition regime one can open a stop band, whose width can be controlled by
adjusting the stiffness of the supports and the moment of inertia of the masses. At the points
A.1 and B.3 of figures 4 and 5, the stop band can be closed. The points are associated with the
values
I1 = 16(r+ 2) and I2 =
1
2r
. (4.13)
When the stop band closes at A.1 and B.3, Dirac points emerge at k= 0 and k= π in the
dispersion curves, respectively. At these points, the group velocity associated with the dispersion
curves is discontinuous, as shown in figures 8 and 9. The Dirac points arise when I and r are
chosen to be situated along curves 1 and 2 in figure 6.
Figure 8 demonstrates how the Dirac point emerges at k= π for a particular value of r, when
I is chosen in the vicinity of I1. There, it is clear that when I= I1 the Dirac point is situated at π
(indicated by an arrow in the central panel of figure 8). The value of frequency at which the Dirac
point occurs is
ω = 2
√
6(r+ 2), (4.14)
and the group velocity of ω(−) (ω(+)) as k= π is approached from the left and the right is ±3 (∓3).
Thus, the frequency (4.14) is dependent on the material parameters of the structure, whereas the
group velocity from the left and the right of the Dirac point is not.
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Figure 9. Dispersion curves based on (4.6) showing the effect of perturbation of the rotational inertia from I = I2.
Computations are performed for r = 1/5.
Similar features can be observed for I= I2 where the Dirac point is located at k= 0, (see central
panel of figure 9). The value of frequency where this Dirac point appears is
ω = 2
√
6r,
which is smaller than the frequency (4.14). Additionally, the group velocity of ω(−) (ω(+)) as k→ 0
from the left and right is ±√3 (∓√3), and these values are again independent of r.
Perturbing I about value I2 leads to a stop band emerging at k= 0; the effect is not as strong as
in the case when I is close to I1.
5. Conclusion
We have determined the dispersion properties of a discretely supported flexural system
possessing rotational inertia, representing a simplified model of a civil engineering structure such
as a bridge [14].
In the long-wavelength regime, this medium can be interpreted as a continuous Rayleigh
beam, with a continuous distribution of rotational inertia, resting on a Winkler foundation. The
rotational inertia of the microstructure provides the medium with the potential to support high-
frequency waves, that can trigger and support additional failure modes of the medium (see
[15]). The presence of additional stationary points in the irreducible Brillouin zone has been fully
described, since it can influence the dynamic propagation of failure.
Three different regimes have been identified in the parametric space (I, r), where the acoustic
and the optical modes may interact to a different extent. By modulating the rotational inertia I
and the support stiffness r, it is possible to maximize the filtering properties of the mechanical
system opening large band gaps at low frequencies, a property that confirms the findings in [1].
The complete study of the interplay between the parameters governing the stiffness of the
supports and the rotational inertia has revealed a variety of important dynamic properties
possessed by the structure, which also includes dispersion degeneracies currently driving the
design of efficient topological insulators for earthquake protection [34,35]. This investigation has
provided a recipe for manipulating the properties of the medium to obtain dynamic properties
for a variety of technological applications.
Interestingly, while the frequency at Dirac points is governed by the rotational inertia and
support stiffness the group velocity at these points is not.
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